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Abstrat
The Snyder model of a nonommutative geometry due to a minimal
sale ℓ, e.g. the Plank or the Compton sale, yields ℓ2-shift within
the Einstein Hamiltonian onstraint, and γ5-term in the free Dira
equation violating CP symmetry manifestly.
In this paper the Dira equation is reonsidered. In fat, there is no
any reasonable ause for modiation of the Minkowski hyperboli ge-
ometry of a momentum spae. It is the onsisteny  in physis phase
spae, spaetime (oordinates), and momentum spae (dynamis) are
independent mathematial strutures. It is shown that the modied
Dira equation yields the kineti mass generation mehanism for the
left- and right-handed Weyl hiral elds, and realizes the idea of neu-
trinos reeiving mass due to CP violation. It is shown that the model
is equivalent to the gauge eld theory of omposed two 2-avor mas-
sive elds. The global hiral symmetry spontaneously broken into the
isospin group leads to the hiral ondensate of massive neutrinos. This
result is beyond the Standard Model, but in general an be inluded
into the theory of elementary partiles and fundamental interations.
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1 Introdution
In 1947 the Amerian physiist H. S. Snyder, for elimination of the infrared
atastrophe in the Compton eet, proposed employing the model [1℄
i
~
[x, p] = 1 + α
(
ℓ
~
)2
p2 ,
i
~
[x, y] = O(ℓ2) , (1)
with p - a partile's momentum, x, y - spae points, ℓ - a fundamental length
sale, ~ - the Plank onstant, α ∼ 1 - a dimensionless onstant, [·, ·] - an ap-
propriate Lie braket. For the Lorentz and Poinaré invariane modied due
to ℓ, Snyder onsidered a momentum spae of onstant urvature isometry
group, i.e. the Poinaré algebra deformation into the De Sitter one.
The model (1) is a nonommutative geometry and a deformation (Basis
and appliations: e.g. Ref. [2℄). Let us see rst it in some general detail.
Let A - an assoiative Lie algebra, A˜ = A[[λ]] - the module due to the ring of
formal series K[[λ]] in a parameter λ. A deformation of A is a K[[λ]]-algebra
A˜ suh that A˜/λA˜ ≈ A. If A is endowed with a loally onvex topology with
ontinuous laws, i.e. a topologial algebra, then A˜ is topologially free. If in
A omposition law is ordinary produt and related braket is [·, ·], then A˜ is
assoiative Lie algebra if for f, g ∈ A a new produt ⋆ and braket [·, ·]⋆ are
f ⋆ g = fg +
∞∑
n=1
λnCn(f, g), (2)
[f, g]⋆ ≡ f ⋆ g − g ⋆ f = [f, g] +
∞∑
n=1
λnBn(f, g), (3)
where Cn, Bn are the Hohshild and Chevalley 2-ohains, and for f, g, h ∈ A
hold (f ⋆ g) ⋆ h = f ⋆ (g ⋆ h) and [[f, g]⋆, h]⋆ + [[h, f ]⋆, g]⋆ + [[g, h]⋆, f ]⋆ = 0.
For eah n and j, k > 1, j + k = n the equations are satised
bCn(f, g, h) =
∑
j,k
[Cj (Ck(f, g), h)− Cj (f, Ck(g, h))] , (4)
∂Bn(f, g, h) =
∑
j,k
[Bj (Bk(f, g), h) +Bj (Bk(h, f), g) +Bj (Bk(g, h), f)] , (5)
where b, ∂ are the Hohshild and Chevalley oboundary operators - b2 = 0,
∂2 = 0. Let C∞(M) - an algebra of smooth funtions on a dierentiable
manifold M . Assoiativity yields the Hohshild ohomologies. An antisym-
metri ontravariant 2-tensor θ trivializing the ShoutenNijenhuis braket
[θ, θ]SN = 0 on M , denes the Poisson braket {f, g} = iθdf ∧ dg with the
Jaobi identity and the Leibniz rule; (M, {·, ·}) is alled a Poisson manifold.
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In 1997 the Russian mathematiian M. L. Kontsevih [3℄ dened defor-
mation quantization of a general Poisson dierentiable manifold. Let Rd
endowed with a Poisson braket α(f, g) =
∑
16i,j0n α
ij∂if∂jg, ∂k = ∂/∂x
k
,
1 6 k 6 d. For ⋆-produt, n > 0, exists a family Gn,2 of (n(n+1))
n
oriented
graphs Γ. VΓ - the set of verties of Γ; has n+2 elements - 1st type {1, . . . , n},
2nd type {1¯, 2¯}. EΓ - the set of oriented edges of Γ; has 2n elements. There
is no edge starting at a 2nd type vertex. Star(k) - EΓ starting at a 1st
type vertex k with ardinality ♯k = 2,
∑
16k6n ♯k = 2n. {e1k, . . . , e♯kk } are the
edges of Γ starting at vertex k. Vorties starting and ending in the edge v are
v = (s(v), e(v)), s(v) ∈ {1, . . . , n} and e(v) ∈ {1, . . . , n; 1¯, 2¯}. Γ has no loop
and no parallel multiple edges. A bidierential operator (f, g) 7→ BΓ(f, g),
f, g ∈ C∞(Rd) is assoiated to Γ. αe1ke2k are assoiated to eah 1st type ver-
tex k from where the edges {e1k, e2k} start; f is the vertex 1, g is the vertex
2¯. Edge e1k ats ∂/∂x
e1
k
on its ending vertex. BΓ is a sum over all maps
I : EΓ → {1, . . . , d}
BΓ(f, g) =
∑
I
(
n∏
k=1
n∏
k′=1
∂I(k′,k)α
I(e1
k
)I(e2
k
)
)(
n∏
k1=1
∂I(k1,1¯)f
)(
n∏
k2=1
∂I(k2,2¯)g
)
.(6)
Let Hn - an open submanifold of Cn, the onguration spae of n distint
points in H = {x ∈ C|ℑ(z) > 0} with the Lobahevsky hyperboli metri.
For the vertex k, 1 6 k 6 n, zk ∈ H - a variable assoiated to Γ. The vertex
1 assoiated to 0 ∈ R, the vertex 2¯ to 1 ∈ R. If φ˜v = φ(s(v), e(v)) - a funtion
on Hn, assoiated to v, with φ : H2 → R/2πZ - the angle funtion
φ(z1, z2) = Arg
z2 − z1
z2 − z¯1 =
1
2i
Log
z¯2 − z1
z2 − z¯1
z2 − z1
z¯2 − z¯1 , (7)
then w(Γ) ∈ R, the integral of 2n-form, is a weight assoiated to Γ ∈ Gn,2
w(Γ) =
1
n!(2π)2n
∫
Hn
∧
16k6n
(
dφ˜e1
k
∧ dφ˜e2
k
)
. (8)
The weight does not depend on the Poisson struture or the dimension d.
On (Rd, α) the Kontsevih ⋆-produt maps C∞(R)× C∞(R)→ C∞(R)[[λ]]
(f, g) 7→ f ⋆ g =
∑
n>0
λnCn(f, g) , Cn(f, g) =
∑
Γ∈Gn,2
w(Γ)BΓ(f, g), (9)
with C0(f, g) = fg, C1(f, g) = {f, g}α = αdf ∧ dg. Equivalene lasses of (9)
are bijetive to the Poisson brakets αλ =
∑
k>0 λ
kαk ones. For linear Poisson
strutures, i.e. on oalgebra A⋆, (8) of all even wheel graphs vanishes, and
3
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(9) oinides with the ⋆-produt given by the Duo isomorphism. This ase
allows to quantize the lass of quadrati Poisson brakets that are in the
image of the Drinfeld map whih assoiates a quadrati to a linear braket.
Let us onsider the deformations of phase-spae and spae given by the
parameters λph, λs being
λph =
αi~
2
, λs =
iβ
2
, α ∼ 1, (10)
and leading to the star produts (2), or equivalently the Kontsevih ones (9),
on the phase spae (x, p) and between two distint spae points x and y
x ⋆ p = px+
∞∑
n=1
(
αi~
2
)n
Cn(x, p), (11)
x ⋆ y = xy +
∞∑
n=1
(
iβ
2
)n
Cn(x, y), (12)
where Cn(x, p), Cn(x, y) are the appropriate Hohshild ohains in (9). The
brakets arising from the star produts (11) and (12) are
[x, p]⋆ = [x, p] +
∞∑
n=1
(
αi~
2
)n
Bn(x, p), (13)
[x, y]⋆ = [x, y] +
∞∑
n=1
(
iβ
2
)n
Bn(x, y), (14)
where Bn(x, p), Bn(x, y) are the Chevalley ohains. By using [x, p] = −i~
and [x, y] = 0, and taking the rst approximation of (13) and (14) one obtains
[x, p]⋆ = −i~ +
αi~
2
B1(x, p) , [x, y]⋆ =
iβ
2
B1(x, y). (15)
or in the Dira method of lassial analogy form [4℄
1
i~
[p, x]⋆ = 1−
α
2
B1(x, p) ,
1
i~
[x, y]⋆ =
β
2~
B1(x, y). (16)
Beause, however, for f, g ∈ C∞(M): B1(f, g) = 2θ(df ∧ dg), so one has
1
i~
[p, x]⋆ = 1−
α
~
(dx ∧ dp) , 1
i~
[x, y]⋆ =
β
~
dx ∧ dy, (17)
where ~ in rst relation was introdued for dimensional orretness. Taking
into aount the simplest spae lattie with a fundamental length sale ℓ
x = ndx , dx = ℓ , n ∈ Z −→ ℓ = l0
n
e1/n , lim
n→∞
ℓ = 0, (18)
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where l0 > 0 is a onstant, and the De Broglie oordinate-momentum relation
p =
~
x
(19)
one reeives nally the brakets
i
~
[x, p]⋆ = 1 +
α
~2
ℓ2p2 ,
i
~
[x, y]⋆ = −
β
~
ℓ2, (20)
that are dening the Snyder model (1).
In the 1960s the Soviet physiist M. A. Markov [5℄ proposed to take a
fundamental length sale as the Plank length ℓ = ℓP l =
√
~c
G
, and suppose
that a mass m of any elementary partile is m 6 MP l =
~
cℓP l
=
√
G~
c3
. Using
this idea, sine 1978 the Soviet-Russian theoretiian V. G. Kadyshevsky and
ollaborators (See e.g. papers in Ref. [6℄) have studied widely some aspets of
the Snyder nonommutative geometry model. Reently also V. N. Rodionov
has developed the Kadyshevsky urrent independently [7℄. The problems
disussed in this paper seem to be more related to a general urrent [8℄,
where the Snyder model (1) is partially employed.
Beginning 2000 the Indian sholar B. G. Sidharth [9℄ showed that in spite
of self-evident Lorentz invariane of the strutural deformation (1), in general
the Snyder modiation both breaks the Einstein speial equivalene prin-
iple as well as violates the Lorentz symmetry so elebrated in relativisti
physis. In that ase the Einstein Hamiltonian onstraint reeives an addi-
tional term proportional to 4th power of spatial momentum of a relativisti
partile and 2nd power of ℓ that is a minimal sale, e.g. the Plank sale or
the Compton one, of a theory (Cf. Ref. [10℄)
E2 = m2c4 + c2p2 + α
( c
~
)2
ℓ2p4. (21)
Negleting negative mass states as nonphysial, Sidharth established a new
fat. Namely, as the result of appliation of the Dira-like linearization proe-
dure within the modied equivalene priniple (21) one onludes the appro-
priate Dira Hamiltonian onstraint whih, however, diers from the stan-
dard one by an additional γ5-term, that is proportional to 2nd power of the
spatial momentum of a relativisti partile and to a minimal sale ℓ [11℄
γµpµ +mc
2 +
√
α
c
~
ℓγ5p2 = 0. (22)
5
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The modied Dira Hamiltonian onstraint (22) formally an be dedued
from the equation (21) rewritten in the following ompat form
(γµpµ)
2 = m2c4 + α
( c
~
)2
ℓ2p4, (23)
where pµ is a relativisti momentum four-vetor
pµ =
[
E
−cp
]
. (24)
However, in both papers as well as books Sidharth is not notiing that from
the Hamiltonian onstraint (23) there is arising a one more additional pos-
sibility physially nonequivalent to (22), namely, it is given by the Dira
onstraint with the orretion possessing a negative sign
γµpµ +mc
2 −√α c
~
ℓγ5p2 = 0. (25)
However, the possible physial results following from the Hamiltonian on-
straint (25) an be dedued by appliation of the mirror reetion ℓ → −ℓ
within the results following from the Dira Hamiltonian onstraint with the
positive γ5-term (22). We are not going to neglet also the negative mass
states as nonphysial, beause this situation is in strit orrespondene with
results obtained from the equation (22) by a mirror reetion in mass of a
relativisti partile m → −m. It means that after employing the anonial
quantization in the momentum spae of a relativisti partile
E → Eˆ = i~∂0 , p→ pˆ = i~∂i , (26)
in general one an onsider the generalized modiation of Dira equation of
the form (
γµpµ ±mc2 ±
√
α
c
~
ℓγ5p2
)
ψ = 0, (27)
whih desribes 4 physially nonequivalent situations. Here is assumed that
in analogy to the onventional Dira theory, a solution ψ of the equation (32)
is four omponent spinor
ψ =


φ0
φ1
φ2
φ3

 , (28)
and that the four-dimensional Cliord algebra of the Dira γ-matries is
given in the standard representation
γ0 =
[
0 12
12 0
]
, γi =
[
0 σi
−σi 0
]
, (29)
γ5 = γ0γ1γ2γ3 = i
[
12 0
0 −12
]
,
(
γ5
)2
= −14, (30)
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where σ's are the Pauli matries
σ1 =
[
0 1
1 0
]
, σ2 =
[
0 −i
i 0
]
, σ3 =
[
1 0
0 −1
]
. (31)
A presene of the Dira's matrix γ5 in the Dira equation (27) auses that
it violates parity symmetry manifestly, so in fat there is CP violation and
the γ5-term breaks the full Lorentz symmetry. For simpliity, however, it is
useful to onsider one of the four situations desribing by the equation (27),
that is given by the Dira equation modied due to the Sidharth term(
γµpˆµ +mc
2 +
√
α
c
~
ℓγ5pˆ2
)
ψ = 0, (32)
and nally disuss results of appliation of the mentioned mirror transforma-
tions.
Reently it was shown [12℄ that there are some nonequivalent possibil-
ities for establishment of the Hamiltonian from the onstraint (21), and it
ruially depends on the funtional relation between a mass of a relativis-
ti partile and a minimal sale m(ℓ). It leads to some nontrivial lassial
solutions and assoiated with them nonequivalent quantum theories. This
energy-momentum relation is urrently under astrophysis' interesting [13℄.
Originally the equation (32) was proposed some time ago [11℄ as an idea for
ultra-high energy physis, but any onrete physial preditions arising from
this idea still are not well-established. Currently there are only speulations
possessing laoni harater that the extra term violating the Lorentz symme-
try manifestly lies in the new foundations of physis [14℄. In fat its meaning
is still a great riddle to the same degree as it is an amazing hope. The best
test for heking the orreted theory (32) and in general all the theories
given by (27) seem to be astrophysial phenomena i.e. ultra-high-energy
osmi rays oming from gamma bursts soures, neutrinos oming from su-
pernovas, and others observed in this energy region. This ognitive aspet
of the thing is the motivation for reonsidering the equation (32) arising due
to the Snyder nonommutative geometry (1), and try pull out extension of
well-grounded physial knowledge.
2 Massive neutrinos
Let us reonsider the modied Dira equation (32). In fat the Sidharth
γ5-term is the additional eet  the shift of the onventional Dira theory 
arising due to the Snyder nonommutative geometry of phase spae (p, x) of
a relativisti partile (1). However, it does not mean that Speial Relativity
7
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will be also modied - the Minkowski hyperboli geometry of the relativisti
momentum spae as well as the struture of spae-time in fat are preserved.
The Einstein theory desribes dynamis of a relativisti partile while in
the philosophial as well as physial foundations of the algebra deformation
we have not any arguments following from dynamis of a partile  stritly
speaking the orretion is due to nite sizes of a partile. In this manner,
the best interpretation of the deformation (21), as well as the appropriate
onstraint (22), is the energeti onstraint orreted by the non-dynamial
term. By this reason we propose here to take into aount the formalism
of the Minkowski geometry of the momentum spae independently from a
presene of the γ5-term, and apply it within both the modied Einstein
Hamiltonian onstraint as well the modied Dira equation.
Appliation of the standard identity holding in the momentum spae of
a relativisti partile
pµp
µ = (γµpµ)
2 = E2 − c2p2, (33)
to the modied Dira equation (32) yields the equation[
γµpˆµ +mc
2 +
√
α
~c
ℓγ5
[
E2 − (γµpˆµ)2
]]
ψ = 0, (34)
whih an be rewritten as[
−
√
α
~c
ℓγ5 (γµpˆµ)
2 + γµpˆµ +mc
2 +
√
α
~c
ℓγ5E2
]
ψ = 0, (35)
or equivalently by using of the ombination γ5γµpµ[(
γ5γµpˆµ
)2 − ǫ (γ5γµpˆµ)+ E2 − ǫmc2γ5]ψ = 0, (36)
where ǫ is the energy
ǫ =
~c√
αℓ
. (37)
Note that for the Plank sale holds ℓ = ℓP l =
√
~c
G
and the energy (37)
oinides with the Plank energy saled by the fator
1√
α
ǫ = ǫP l =
1√
α
√
~c5
G
=
1√
α
MP lc
2. (38)
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Similarly for the Compton sale ℓ = ℓC = 2π
~
mpc
is the Compton wavelength
of a partile possessing the rest mass mp. In this ase the energy ǫ is a
partile's rest energy saled by the fator
1
2π
√
α
ǫ = ǫC =
1
2π
√
α
mpc
2. (39)
If the partile has the rest mass that equals the Plank mass mp ≡MP l then
ℓC =
2πG
c2
MP l , ǫC =
ǫP l
2π
. (40)
In the other words for this ase the doubled Compton sale is a irumferene
of a irle with a radius of the Shwarzshild radius of the Plank mass (Cf.
also Ref. [15℄)
2ℓC = 2πrS (MP l) , rS(m) =
2Gm
c2
. (41)
The equation (36) expresses ating of the operator(
γ5γµpˆµ
)2 − ǫ (γ5γµpˆµ)+ E2 − ǫmc2γ5, (42)
on the Dira spinor ψ. With using of elementary algebrai manipulations,
however, one one an easily dedue that in fat the operator (42) an be
rewritten in the redued form
(γ5γµpˆµ − µ+)(γ5γµpˆµ − µ−), (43)
where Mpm are the manifestly nonhermitian quantities
µ± =
ǫ
2

1±
√
1− 4E
2
ǫ2
√
1 +
4ǫmc2
ǫ2 − 4E2γ
5

 . (44)
Prinipally the quantities (44) are due to the order redution, and also ause
the Dira-like linearization.
Treating energy E, mass m, and ǫ (or equivalently the sale ℓ) in (44) as
free parameters one obtains easily that formally the modied Dira equation
(32) and also the generalized equation (27) are equivalent to the following
two nonequivalent Dira equations(
γµpˆµ −M+c2
)
ψ = 0 ,
(
γµpˆµ −M−c2
)
ψ = 0, (45)
9
L.A. Glinka / CP violation, massive neutrinos, and its hiral ondensate
where M± are the mass matries of the Dira theories generated as the result
of the dimensional redution
M± =
ǫ
2c2
(
−1∓
√
1− 4E
2
ǫ2
+
4mc2
ǫ
γ5
)
γ5. (46)
This is nontrivial result  we have obtained usual Dira theories, where the
mass matriesMpm are manifestly nonhermitianM
†
± 6= M±. However, the to-
tal eet from a minimal sale ℓ sits within the matries Mpm only, while the
four-momentum operator pˆµ remains exatly the same as in both the onven-
tional Einstein and Dira theories. Note that this proedure formally is not
inorret - we preserve the Minkowski geometry formalism for the square of
spatial momentum that in fat is the fundament of the γ5-orretion, but was
not notied or was omitted in Sidharth's papers and books. In this manner
we have onstruted new type mass generation mehanism whih dedution
within the usual frames of Speial Relativity only, i.e. for the ase of vanish-
ing sizes of the partile ℓ = 0 or equivalently for the maximal energy ǫ =∞,
an not be done. Stritly speaking this mass generation mehanism is due
to the order redution in the operator (42) of the modied Dira equation.
However, both the mass matries (46) are builded by a square root of the
expression ontaining the matrix γ5. Let us present now the mass matries
in equivalent way, where the Dira matrix γ5 will present in a linear way.
Let us see details of the mass matries M±. Fist, by appliation of the
Taylor series expansion to the square root present in the dening formula
(46) one obtains
√
1− 4E
2
ǫ2
+
4mc2
ǫ
γ5 =
√
1− 4E
2
ǫ2
√√√√√√1 +
4mc2
ǫ
1− 4E
2
ǫ2
γ5 =
=
√
1− 4E
2
ǫ2
∞∑
n=0
(
1/2
n
)
4mc2
ǫ
1− 4E
2
ǫ2
γ5


n
, (47)
where the following notation was used(
n
k
)
=
Γ(n + 1)
Γ(k + 1)Γ(n+ 1− k)
that is the generalized Newton binomial symbol. Employing now the γ5-
matrix properties  i.e. (γ5)
2n
= −1, and (γ5)2n+1 = −γ5  one deompose
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the sum present in the last term of (47) onto the two omponent
∞∑
n=0
(
1/2
n
)
4mc2
ǫ
1− 4E
2
ǫ2
γ5


n
=
= −
∞∑
n=0
(
1/2
2n
)
4mc2
ǫ
1− 4E
2
ǫ2


2n
−
∞∑
n=0
(
1/2
2n + 1
)
4mc2
ǫ
1− 4E
2
ǫ2


2n+1
γ5. (48)
Diret appliation of standard summation proedure allows to establish the
sums presented in the both omponents in (48) in a ompat form
∞∑
n=0
(
1/2
2n
)
4mc2
ǫ
1− 4E
2
ǫ2


2n
=
√√√√√√1 +
4mc2
ǫ
1− 4E
2
ǫ2
+
√√√√√√1−
4mc2
ǫ
1− 4E
2
ǫ2
, (49)
∞∑
n=0
(
1/2
2n+ 1
)
4mc2
ǫ
1− 4E
2
ǫ2


2n+1
=
√√√√√√1 +
4mc2
ǫ
1− 4E
2
ǫ2
−
√√√√√√1−
4mc2
ǫ
1− 4E
2
ǫ2
. (50)
In this manner nally one sees easily that both the mass matriesM± possess
the following formal deomposition
M± = H(M±) + A(M±), (51)
where H(M±) is hermitian part of M±
H(M±) = ± ǫ
2c2


√
1− 4E
2
ǫ2


√√√√√√1 +
4mc2
ǫ
1− 4E
2
ǫ2
−
√√√√√√1−
4mc2
ǫ
1− 4E
2
ǫ2



 , (52)
and A(M±) is antihermitian part of M±
A(M±) = − ǫ
2c2

1±
√
1− 4E
2
ǫ2


√√√√√√1 +
4mc2
ǫ
1− 4E
2
ǫ2
+
√√√√√√1−
4mc2
ǫ
1− 4E
2
ǫ2



 γ5.
(53)
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By appliation of elementary algebrai manipulations one sees that equiv-
alently the mass matries M± an be deomposed into the basis of the om-
mutating projetors
{
Πi :
1 + γ5
2
,
1− γ5
2
}
,
M± =
∑
i
µ±i Πi = µ
±
R
1 + γ5
2
+ µ±L
1− γ5
2
, (54)
where
µ±R = −
1
c2
(
ǫ
2
±
√
ǫ2 − 4ǫmc2 − 4E2
)
, (55)
µ±L =
1
c2
(
ǫ
2
±
√
ǫ2 + 4ǫmc2 − 4E2
)
, (56)
are projeted masses related to the theories with signs ± in the matrix mass.
By appliation of the obvious relations for the projetors Π†iΠi = 14, Π1Π2 =
1
2
14, Π
†
1 = Π2 and Π1 +Π2 = 14 one obtains
M±M
†
± =
(µ±R)
2 + (µ±L)
2
2
14. (57)
Introduing the right- and left-handed hiral Weyl elds
ψR =
1 + γ5
2
ψ , ψL =
1− γ5
2
ψ, (58)
where the Dira spinor ψ is a solution of the appropriate Dira equations
(45), both the theories (45) an be rewritten as the system of two equations
(
γµpˆµ + µ
+c2
) [ ψ+R
ψ+L
]
= 0 ,
(
γµpˆµ + µ
−c2
) [ ψ−R
ψ−L
]
= 0, (59)
where the mass matries µ± are hermitian now
µ± =
[
µ±R 0
0 µ±L
]
=
[
µ±R 0
0 µ±L
]†
, (60)
and ψ±R,L are the hiral elds related to the mass matries µ± respetively.
Note that the masses (55) and (56) are invariant with respet to hoie of the
Dira matries γµ representation. By this way they have physial harater.
It is interesting that for the mirror reetion in a minimal sale ℓ → −ℓ (or
equivalently for the hange ǫ → −ǫ) we have the exhange µ±R ↔ µ±L while
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L.A. Glinka / CP violation, massive neutrinos, and its hiral ondensate
the hiral Weyl elds are the same. In the ase of the mirror reetion in
the original mass m → −m one has the exhange µ±R ↔ −µ±L . The ase
of originally massless states m = 0 is also intriguing from theoretial point
of view. From the formulas (55) and (56) one sees easily that in this ase
µR = −µL. In the ase of generi Einstein theory ℓ = 0 one has
µ±R =
{ −∞ for +
∞ for − , µ
±
L =
{ ∞ for +
−∞ for − . (61)
In general, however, for formal orretness of the projetion splitting (54)
both the neutrinos masses (55) and (56) must be real numbers; stritly speak-
ing when the masses are omplex numbers the deomposition (54) does not
yield hermitian mass (60, so that the presented onstrution does not hold
and by this reason must be replaed by other one.
In the onventional Weyl theory approah neutrinos are massless. In this
manner it is evident that employing the Snyder nonommutative geometry
generates a new obvious nontriviality  the kineti mass generation meha-
nism that leads to the theory of massive neutrinos. It must be emphasized
that in Sidharth's books and papers a possibility of neutrino masses was only
laonially mentioning as due to mass term, where by the mass term the au-
thor understands the γ5-term in the modied Dira equation (32). In fat it is
not mass term in the ommon sense of the Standard Model being urrently
the theory of elementary partiles and fundamental interations. Stritly
speaking Sidharth's statements are inorret, beause we have generated the
massive neutrinos due to two-step mehanism - the rst was the order redu-
tion of the modied Dira equation (32), and the seond was deomposition
of the reeived mass matries (46) into the projetors basis and introduing
the hiral Weyl elds in the usual way (58). It must be emphasized that a
mass generation mehanism is manifestly absent in Sidharth's ontributions
and the line of thinking presented there is ompletely dierent, omits many
interesting physial and mathematial details, and in general does not look
like onstrutive (Cf. e.g. Ref. [16℄). However, in the result of the proedure
proposed above, i.e. by appliation of the Dira equation with the γ5-term
(22) and diret preservation within this equation the EinsteinMinkowski rel-
ativity (33), we have generated the system of equations (59) whih desribes
two left- ψ±L and two right- ψ
±
R hiral massive Weyl elds, i.e. we have yielded
massive neutrinos, related to both ases - any originally massive m 6= 0 as
well as for originally massless m = 0 states. By this reason in the proposed
approah the notion neutrino takes an essentially new physial meaning; it
is a hiral eld due to any massive and massless quantum state. Moreover,
we have obtained the two massive Weyl theories (59), so that totally with a
one quantum state there are assoiated 4 massive neutrinos.
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3 The hiral ondensate
Let us notie that if we want to onstrut the Lorentz invariant Lagrangian
L of the gauge eld theory haraterized by the EulerLagrange equations
of motion (59) for both massive Weyl theories we should put
L± = ψ¯±Rγµpˆµψ±R + ψ¯±Lγµpˆµψ±L + µ±Rc2ψ¯±Rψ±R + µ±Lc2ψ¯±Lψ±L , (62)
where ψ¯±R,L =
(
ψ±R,L
)†
γ0 are the Dira adjoint of ψ±R,L, and take into onsid-
erations rather the sum of both partial gauge eld theories (62)
L = L+ + L−, (63)
as the Lagrangian of the appropriate full gauge eld theory. One an see
straightforwardly that the both partial gauge eld theories (62) exhibit the
(loal) hiral symmetry SU(2)±R ⊗ SU(2)±L{
ψ±R → exp
{
iθ±R
}
ψ±R
ψ±L → ψ±L
or
{
ψ±R → ψ±R
ψ±L → exp
{
iθ±L
}
ψ±L
, (64)
the vetor symmetry U(1)±V{
ψ±R → exp {iθ±}ψ±R
ψ±L → exp {iθ±}ψ±L
, (65)
and the axial symmetry U(1)±A{
ψ±R → exp {−iθ±}ψ±R
ψ±L → exp {iθ±}ψ±L
. (66)
In this manner the total symmetry group is the omposed SU(3)TOTC
SU(3)TOTC = SU(3)
+
C ⊕ SU(3)−C , (67)
where SU(3)±C are the global (hiral) 3-avor gauge symmetries related to
eah of the gauge theories (62), i.e.
SU(2)+R ⊗ SU(2)+L ⊗ U(1)+V ⊗ U(1)+A ≡ SU(3)+ ⊗ SU(3)+ = SU(3)+C , (68)
SU(2)−R ⊗ SU(2)−L ⊗ U(1)−V ⊗ U(1)−A ≡ SU(3)− ⊗ SU(3)− = SU(3)−C , (69)
desribing 2-avor massive free quarks  the neutrinos in our proposition.
However, by using of the relations for the Weyl elds (58) and applying
algebrai manipulations of the Dira γ-algebra (as e.g. {γµ, γ5} = 0) one has(
1∓ γ5) γ0 (1± γ5) = ±2γ0γ5, (70)(
1∓ γ5) γ0γµ (1± γ5) = 2γ0γ5, (71)
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and hene ontribution to the right hand side of (62) are
ψ¯±R,Lγ
µpµψ
±
R,L =
1
2
ψ¯±γµpµψ
±, (72)
µ±R,Lc
2ψ¯±R,Lψ
±
R,L = ±
µ±R,L
2
c2ψ¯±γ5ψ±, (73)
where ψ¯± = (ψ±)
†
γ0 is the Dira adjoint of the Dira elds ψ± related to
the Weyl hiral elds by the transformation (58). Both (72) and (73) are
the Lorentz invariants. In result the global hiral Lagrangian (63) an be
elementary lead to the following form
L = ψ¯+ (γµpˆµ + µ+effc2)ψ+ + ψ¯− (γµpˆµ + µ−effc2)ψ− = (74)
= Ψ¯
(
γµpˆµ +Meffc
2
)
Ψ, (75)
where µ±eff are the eetive mass matries of the gauge elds ψ
±
, and Meff
is the mass matrix of the eetive omposed eld Ψ =
[
ψ+
ψ−
]
µ±eff =
µ±R − µ±L
2
γ5, (76)
Meff =
[
µ+eff 0
0 µ−eff
]
. (77)
Both the mass matries µ±eff are hermitian or antihermitian  it depends on
a hoie of representation, so the same property has the mass matrix Meff .
Obviously, the full gauge eld theory (74), or equivalently (75), is invariant
with respet to the omposed gauge symmetry SU(2)TOTV transformation
SU(2)TOTV = SU(2)
+
V ⊕ SU(2)−V , (78)
where SU(2)±V are the SU(2) ⊗ SU(2) transformations used to eah of the
gauge elds ψ± {
ψ± → exp {iθ±}ψ±
ψ¯± → ψ¯± exp {−iθ±} . (79)
This means that for the full gauge eld theory the omposed global hiral
symmetry SU(3)TOTC is spontaneously broken to its subgroup  the omposed
isospin group SU(2)TOTV
SU(3)TOTC −→ SU(2)TOTV . (80)
Physially it should be interpreted as the symptom of an existene of the
hiral ondensate of massive neutrinos being a omposition of two hiral on-
densates, that is the omposed eetive eld theory SU(2)TOTV = (SU(2)
+⊗
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SU(2)+) ⊕ (SU(2)− ⊗ SU(2)−) [17℄. However, by the omposed global hi-
ral gauge symmetry SU(3)TOTC , the gauge theory (62) looks like formally as
the theory of free massive quarks whih do not interat; this is the situation
similar to Quantum Chromodynamis [18℄, but in the studied ase we have
formally a omposition of two QCDs. For eah of the QCDs the spae of
elds is dierent then in usual QCD - there are two massive hiral elds only
 the left- and right-handed Weyl elds, thats are the massive neutrinos by
our proposition. The hiral ondensate of massive neutrinos (75) is the re-
sult beyond the Standard Model, but essentially it an be inluded into the
theory as the new ontribution.
4 Disussion
It must be emphasized that the energy-momentum relation (21) modied
due to the Snyder model of nonommutative geometry (1) diers from the
usual Speial Relativity's relation. In partiular as is self-evident from the
Hamiltonian onstraint (21), there is an extra ontribution to the Einstein
speial equivalene priniple due to the additional ℓ2-term. This is brought
out very learly in the manifestly nonhermitian Dira equations (45), as well
as in the hermitian massive Weyl equations (59) desribing the neutrinos in
our proposition. A massless neutrino in the onventional Weyl theory is now
seen to argue as mass, and further, this mass has a two left omponent and a
two right omponent, as show in (51) and (54). One this is reognized, the
mass matrix whih otherwise appears nonhermitian, turs out to be atually
hermitian, as seen in (60), but if and only if when the masses (51) and (54)
are real. There is no any restritions, however, for their sign - the masses
an be positive as well as negative. In other words the underlying Snyder
nonommutative geometry (1) is reeted in the modied energy-momentum
relation (22) naturally gives rise to the mass of the neutrino. It was laon-
ially suggested as a possible result in the Ref. [16℄, however, with no any
onrete alulations and proposals for a mass generation mehanism. It
must be remembered that in the Standard Model the neutrino is massless,
but the SuperKamiokande experiments in the late nineties showed that the
neutrino does indeed have a mass and this is the leading motivation to an
exploration of models beyond the Standard Model, as the model presented
in this paper. In this onnetion it is also relevant to mention that ur-
rently the Standard Model requires the Higgs Mehanism for the generation
of mass in general, though the Higgs partile has been undeteted for forty
ve years and it is hoped will be deteted by the Large Hadron Collider, after
it is reommissioned. We hope for next development of the both presented
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massive neutrino model, as well as the hiral ondensate.
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